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Space Crystal What is thermodynamic time-space crystal?

Long-range order in both space and time.

|

Existence of an order parameter oscillating
in both space and time.
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General expected properties (in agreement with laws of nature! ).

Basic properties of Space Crystal (CDW).

Order parameter: p(r — I’o) =P COS(Q(" - I'o))
rO is arbitrary
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Existence of long range order in space.
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Basic properties of time crystal.

Order parameter: B(t—to) (Periodic in time).

to is arbitrary in thermodynamic equilibrium!

j B (t —'to)d’[0 =0 No dependence on time!

L(R=R,), ... :jB(—RO)B(R— R, )dR,;
oc cos(Qr)cos(I't)

|

Existence of long range order in time-space!

Is such a behavior possible?



Previous “Time Crystals”......
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Some subtleties and apparent difficulties associated with the notion of spontaneous breaking of time-
translation symmetry in quantum mechanics are identified and resolved. A model exhibiting that
phenomenon is displayed. The possibility and significance of breaking of imaginary time-translation
symmetry is discussed.
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....and criticism.
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Nevertheless the name “Time crystal” has survived: Systems out equilibrium with
long-living oscillations are called now “Time crystals”.
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and Experiment.
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Nice development but Thermodynamic Quantum Time-Space Crystals are different!



Model of interacting fermions.

Hamiltonian: H = "ci (e +6,2,)c, +%[UO(chZlcp)2 U, (Yeize, )?]
p p p
Fermionic operators: C, = {Ct,,Cf,}, V-volume &, =%(81(p)i82 (p))
Spectrum: €a (p) Bands: a=1,2 2,2,,%, -Pauli Matrices

U, >U, >0 -crucial for existence of the new state!

Loop currents at UO -0

£
P.A. Volkov, K.B. Efetov (2018)
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Thermodynamics and calculations in imaginary time 7

Method of functional integration in imaginary time.

2=]eel-sld-salx1]ox Sul2]=— g7 1y Wo(Z 72 (415, (1)) ~Uo(E 75 (4) 27, (7)) oo
So[21=[, 7 (2)(0. +&" (p)=&(P)2.) 7, ()¢, p :
2(t)=—x(z+1/T). Fermionic boundary conditions.

7(7)=(2(7). 23(7))

Hubbard-Stratonovich Transformation.

F=-T In{jexp{—ﬁ[_?’bl]}DbDbl}. b(z)=b(z+1/T), b(7)=b(r+1/T) Bosonic boundary conditions

4l

_Ib_’bl] - 'f:”[—Zzp:tr[ln(h(r,p)—ibl(r)Zl)]m +V [bzu(:) + bli](:)J]dr, h(z,p)=0,+&"(p)-¢ (P)Z,—b(7)Z,

U In the limit V. —> oo it is enough to minimize the free energy functional F[b,b,] !




Equation at b (7)=0

b(7) =—U0tr'[23[h‘l(r,p)lﬂ (zd:)z ,

b(r)=y,b(7)=0 -
(z)=7r.0(7) Exact Solutions. o (T):k]/Sﬂ(?/(Z’—TO)| k)
DDW-like solution
(P.A.Volkov, K.B. Efetov, 2018)
sn(u)-Jacobi elliptic function
Equation for S.l. Mukhin, (2009, 2011)

(For polymers in coordinate space:

_ ur 1 dp 2 S.A. Brazovskii, S.A. Gordyunin,
1_U°jo E(p) (zﬁ)Z ! E(p)z\/(g_(p)) +7° N.N. Kirova (1980)).
y =4K (k) mT
Valid for k > 1 BCS-like equation
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Elliptic function sn(x,k) (short information).

At k=0 sn(x,0) =sinx

At k=1 sn(x,1) = tanh x.

sn(x,k) >tanhx| 4 K 1

Re(sn(z | 0 999]]

AN AWA
iAW

Function sn(x,k) at k* =0.999 Classical motion in the potential x° —x*
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The most important properties of the elliptic functions:

double periodicity in the complex plane.

The function sn(x,k) has the period 4K(k) along the real axis x and 2K(k’) along the imaginary one.

K(k)- first kind elliptic integral, and k21 k2 =1

sn(x,k) is a chain of instantons-anti-instanton pairs.

The solution of the equation containing only the order parameter b in terms of the function

The periodicity condition b(z)=b(z+1/T) implies y =4mK(k)T, m-integer.

The solution of the mean field equations at bl(r)

0

as soon as the periodicity condition is fulfilled!

in terms of the elliptic function always exists

energetically favorable for the case b, (7)=01

However, it turns out that the homogeneous solution is always
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Results of calculations of free energy.

Part | . The charge variable b1 (2') is neglected.
Only the loop current order parameter b(ﬂ is taken into account.

Action of free instantons

Numerics is done choosing:

& (p) = 222 (p2 - p2)+ P(T), x=P(T)/y

y=Aly

AS, s always positive!
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In order to find the correct solution corresponding to the minimum of the free action one
should solve both the equations for b(r) and b1 (z') but exact solution is hardly possible.

Part Il. Instead, the functional of the free energy is expanded in the field b, (7)up to
linear and quadratic terms. These fields are integrated out leading to a new term in the
action for the field b(ﬂ containing time derivatives ofb(r) .

(The field b, (z) plays a role of a “gluon”).

AF=F_ +F,. Filbobu] gy
t [ T =-2] . bo(z')bl(z')dr,

Energy of instantons

ZLA] Loy fin(aee)-m(os)], v 5 o

(2n)"

“Bare energy” of instanton. T 0

2

I:II

__ Y, | sgn(z(p)) dp_
Effective attraction. 2mvT 4 E(p)\/[(g(p))2+y2(l_k)2J(2ﬁ)

4

Screening (second order in bl(T) ) should also be accounted for.
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U, Numerical study of the total action
a=UTO of instantons-antiinstantons.
o N
y-axis ) x-axis

k=0.99
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Thermodynamic Time-Space Crystal.

Cltit,) = 5= (@3 | AL)A(L)[ ),

N

A('[) _ eth Ae—th

A:Uoztf(cﬁzscp) c, (t)=e""ce™ i

P If CI)O is time-independent, no-time
crystal (in agreement with “no-go”
theorem).

However, the time translation symmetry breaks down at a critical
point and order parameter B(t) — —ib(it) appears!

Then, ®; > ®,, (t-t,), t, -is arbitrary

and  C(t,—t,) = [(@(t,~t, )| A|@(t, —t,)}{D(t, —t, )| A| D (t, —t, ) e,

[{@(t-t))|Al@(t-t,))dt, =0
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Thermodynamic Time-Space Crystal.

Elliptic functions are periodic along both real and imaginary axes:
Periodic behavior of correlation functions also along real time!

N (tl_tZ) :_b(i(tl_to))b(i(tz _to))

. © 2n
Bar stands for averaging over {; N(t)~ 2723 f2cos(2ymt), f,= 1_1(ﬂj 1-k <1
— n n 2 g

b(t _to) =0 # No time-dependent currents and no radiation!

Nondecaying oscillations!!!
Perfect qubit?
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Fourier transform N (a)) of the function N (t1 —tz)

o0

2(0,9)= 2,2, f.6(0-2ny)5(q-Q, ),

n=1

No peak at zero frequency — no static order at (77, 72') !

Determines peaks in neutron inelastic
scattering at Q=(7r, 7[).

(Limit of small 1-k)

27/ is the gap!

The function N (a)) has equidistant 0 -peaks —> corresponds to the space- time crystals!
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Conclusions.

Thermodynamic guantum space-time crystals may exist as soon as one obtains a time-
dependent order parameter (the “no-go ” theorem is not applicable to this case).

One can expect a completely new type of a phase transition.

As the time average of the order parameter is zero, one does not expect perpetuum mobile
(in agreement with energy conservation).

A new proposal for the Pseudogap state in cuprates (time reversal
symmetry is broken but static magnetic moments at (7, ) do not
exist, possibility of peaks at 2y in inelastic neutron scattering).
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