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Quasi-1D-Systems: Examples

Carbon nanotube “Nanostrip” —  constriction 
on gated 2D structure

Assumed:    Weak short-range impurities sitting at the surface at 
low concentration
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Spectrum of clean Quasi-1D-System:

Spectrum consists of a series of 1D subbands
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Parameters 
•     - length of the sample,      - transverse size,       - Fermi 

momentum 
•                    - number of available channels     
•       - dimensionless scattering amplitude 
•         - 2D concentration of impurities 
•        - mean free path 
•                       - localization length

• Clean case
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Conditions

• Hierarchy of sizes
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What are we going to study?

Magnetic flux

Flux quantum

Ideally clean case: 
square root  
Van Hove singularities 
(when Fermi level 
crosses a bottom of 
some subband)

Dirty case: only first 
harmonic survives

What happens with singularities  
in clean (but not ideal) case?



Trivial scenario: smoothing of singularity

• H. L. Frish, S. P. Lloyd, Phys. Rev., 120, 1179 (1960) 
• I.M.Lifshitz, S.A.Gredeskul,  and L.A.Pastur, 

Introduction to the Theory of Disordered Systems. 
Science, Moscow, (1982). 

• S. Hügle, R. Egger, Phys. Rev. B 66, 193311 (2002)

Strictly 1D case, Born approximation



7

Experiment: more complex scenarios

•  B. Babić and C. Schönenberger, Phys. Rev. B 70, 
195408 (2004) 

•  Z. Zhang, D. A. Dikin, R. S. Ruo, and V. 
Chandrasekhar, Europhys. Letters, 68, 713 (2004)

Phenomenologically these results 
were attributed to Fano resonances

Fano resonance: single-band scattering at quasidiscrete (attracting) level 
We show: 

• Multiband structure is essential, Non-Born effects are essential; 
• Resonance-like behavior possible without quasidiscrete states (e. g., for repulsion)
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Outline

• Smearing of Van Hove singularities within Born approximation 
• Applicability criterion for Born approximation. Requirement 

for relatively high impurity concentration: 
• NonBorn effects: strong renormalization of scattering 

amplitude for low impurity concentration 
• Attracting impurities              : quasistationary states 
• Peculiarities of the strip case 
• Discussion 
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Ideal system

• Spectrum: set of 1D subbands  
  
• Units of length               
• Units of energy 

• Density of states 

  

• Semiclassical density of states
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Born approximation: Tube

Hamiltonian (point-like impurities)

Matrix elements:

All impurities are equivalent:
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Born approximation: Strip

Hamiltonian (point-like impurities)

Matrix elements:

“Strength” of impurities  
depends on their position: 

• Strong impurities: • Weak impurities:

• “Typical”  impurities:



Born approximation  
(away from singularity)

• Density of states: 
  
                                               
• Scattering rate: 
                                       

• Born scattering amplitude
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Born approximation (near the singularity)

                                          Scattering rates:

Tube: Strip:
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Resistivity

• Kubo formula (in the Drude approximation): 

• Diffusion coefficient 
• “Transport density of states”                                 Standard density of states 

• The transport density, in contrast to the standard one, does not have singularities! 
  

• So that
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Smearing of Van Hove singularities:  
Born approximation

• The perturbation theory holds for 
• Then, for            we get the smearing scale        from the condition: 

• For             - the standard perturbation theory can be applied for finding 
hybridization between the resonant band and nonresonant one:
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Non-matching asymptotics: indication for 
bifurcation point

The perturbation theory gives:

Asymptotics at          and at            
 do not match! 

It hints that there should be a 
bifurcation point        Near this 
point           drops dramatically

It could be justified within 
SCBA, but we will employ a 
more legitimate  approach…
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Strictly-1D-systems: exact results

H. L. Frish, S. P. Lloyd,  
Phys. Rev., 120, 1179 (1960)

In the vicinity of singularity density of states is dominated by resonant band. 
Let us first neglect contributions of all others…

Average potential:

Density of states:

These results are valid for

           Multi-impurity scattering 
Random potential is effectively gaussian

pF N ⇠ pFR � |�| ⌧ 1

l(") Lloc ⇠ Nl(") n2

p�1
F ⌧ R ⌧ l(") ⌧ L ⌧ Lloc n ⇠ n2R2 ⌧ 1n > nc ⇠ |�| n < nc

(� < 0) |V (i)
kk0mm0(�i, zi)|2

|V (i)
kk0mm0(�i, zi)|2 / sin2[⇡(m+ 1)⇠i] sin

2[⇡(m0 + 1)⇠i] q > 1

zi �i

1
⌧mk

⌘ 1
⌧0

= 2⇡
�
�
⇡

�2 1
⌧mk

⌘ 1
⌧(")

1
⌧mk

⌘ 1
⌧m(") n � �

i < j N ⇠ gLE E1, E2 E1 · E2 > 0 E1 · E2 < 0
T (E1) ⇡ T (E1) ⇡ T (+1) T (E1) ⇡ T (+1), T (E1) ⇡ T (�1)

T (+1) 6= T (�1)
Iel / (�e)T (+1)
Iholes / (+e)T (�1)
Itot = Iel + Iholes / e [T (�1)� T (+1)]

P (e↵)
Left!Right(x1) = PLeft!1 ·

P1!Right

P (e↵)
1!Right + P1!Left

/ exp{�(2L/a)s(x1)} (1)

Pi!j / exp{�(2L/a)|xi � xj |} (2)

s(x1) = 1/2 + |x1 � 1/2| (3)

1

5

are two distinct types of  -operators in our quasi-
one-dimensional problem:  nonres for electrons in non-
resonant bands and  res – for electrons in the resonant
band. Since in our problem the resonant band does not
contribute to the current directly, each term in the con-
ductivity should necessarily contain at least two  nonres-
operators. Remaining two  -operators may be either
both of  nonres type (that leads to the first term in (27)),
or both of  res-type (the second term in (27)). In this
term the  res-operators enter through the density of fi-
nal states in the scattering process (c.f. (15)). There are
no terms containing four  res-operators since the purely
one dimensional contribution to the current is strongly
suppressed.

So, in the Born regime we end up with the formula
(15) for the scattering rate of nonresonant electrons with

⌫("̃) ⇡ ⌫nonres("̃) + ⌫res("̃), (30)

where ⌫nonres("̃) ⇡ ⌫0, while the relation ⌫res("̃) =
✓("̃)("̃)�1/2 is true only for |"̃| � "̃min. At |"̃| . "̃min

one should use exact solutions from the theory of strictly
one dimensional disordered systems.

D. Correction to the density of states due to
hybridization of bands

Besides the nontrivial and strong modification of
⌫res("̃) by disorder, there is an additional e↵ect – hy-
bridization between resonant and nonresonant bands due
to presence of impurities. As we will see in the next sub-
section, the corresponding correction to the nonresonant
density of states ⌫nonres is relatively small in the relevant
range of energies and can be evaluated perturbatively:

⌫nonres("̃) = ⌫0 + �⌫("̃), �⌫("̃) = ⌫0
d

d"̃
�"("̃), (31)

where �"("̃) is the second order (in V ) correction to the
energy "̃ of certain nonresonant state arising due to scat-
tering

�"("̃) =
n�

2

⇡4
v.p.

Z
⌫("̃0)d"̃0

"̃� "̃0
, (32)

For "̃ < 0 and |"̃| � "̃
(t)
min the principal contribution to

the integral in (32) comes from the states in the reso-
nant band with energies "̃0 > 0 and "̃0 ⇠ |"̃|, so that the
correction can be estimated as

�⌫("̃) =
n�

2

⇡4

Z 1

0

d"̃
0

("̃� "̃0)2
p
"̃0

⇠ ⌫0

✓
"̃min

|"̃|

◆3/2

. (33)

Thus, we conclude that for |"̃| � "̃min the relative cor-
rection to the density of states is indeed small.

E. Exact results: the case of tube revisited

In our previous work32 we have studied the smearing
of the resistivity peak for the case of a tube within the

self-consistent Born approximation. Now we will start
from revisiting the case of the tube in a more accurate
approach exploring the exact solutions known for the
strictly one-dimensional systems. Under the condition
(22) the one-dimensional model with identical point-like
scatterers randomly distributed on a line, was exhaus-
tively studied in33. It was shown that the random poten-
tial is e↵ectively gaussian and the density of states may
be evaluated with the help of Fokker-Planck equation.
As a result

⌫
(t)
res("̃) = ⌫0

⇣
"̃
(t)
min

⌘�1/2
Y

⇣
"̃/"̃

(t)
min

⌘
, (34)

where

"̃
(t)
min = (2⇡⌧0)

�2/3 =
⇣
n
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⌘2/3
✓
�
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◆4/3

, (35)

Y (q) =
2p
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@

@q

✓Z 1

0

dxp
x
exp

⇢
�xq � x

3
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�◆�1

. (36)

The asymptotics of (36) at q > 0, q � 1,

Y (q) ⇡ 1

⇡
p
q
, (37)

corresponds to the trivial perturbative result, while the
asymptotics for q < 0, |q| � 1

Y (q) ⇡ 4|q|
⇡

exp

⇢
�4

3
|q|3/2

�
, (38)

describes the well-known Lifshits tail of the density of
states in one dimensional system with e↵ectively gaus-
sian disorder. It should be noted that (38) is indeed
only an intermediate asymptotics, valid in the range
1 ⌧ |q| ⌧

p
n/�, where the random potential is ef-

fectively gaussian,
As it was argued in32, there should be certain bifurca-

tion energy "̃(t)bi , such that for all energies "̃(t)bi < "̃ ⌧ 1
the principal contribution to the density of states comes
from the resonant subband N : ⌫nonres("̃) ⌧ ⌫res("̃). Let
us demonstrate that this statement is valid also for the
exact solution.
The bifurcation point "̃(t)bi can be roughly defined as

the energy, at which the contribution to the density of
states coming from the resonant band becomes equal to
that of the nonresonant ones:

⌫
(t)
nonres("̃

(t)
bi ) = ⌫

(t)
res("̃

(t)
bi ). (39)

As a first step, let’s suppose that |"̃(t)bi | � "̃
(t)
min. Then,

according to (33), ⌫(t)nonres("̃) di↵ers from ⌫0 only slightly,
and (39) takes the form

⌫0 = ⌫0

⇣
"̃
(t)
min

⌘�1/2
Y
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q
(t)
bi

⌘
, (40)

"̃
(t)
bi = "̃

(t)
minq

(t)
bi , q

(t)
bi ⇡ �

✓
3

8

◆2/3

ln2/3
⇣
1/"̃(t)min

⌘
. (41)
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Bifurcation point is defined by condition

As a result

Hybridization between resonant and nonresonant states gives only a small 
correction to the density of states:
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As a result:



Role of the resonant band
• States within the resonant band do not contribute to current 

directly! 

• The resonant band affects the resistivity only through the 
density of final states for scattering of current carrying 
nonresonant states 

• Although we are interested in the resistivity of the system, 
from the resonant band we need only the density of states. It 
simplifies our task greatly.
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Beyond the Born approximation (tube)
• First step: 2D effects. Nonlinear amplitude renormalization                    occurs 

already in nonrestricted geometry. Since scattering is isotropic (short-range) 
the unitarity theorem reads 

• Second step: boundary effects (topological). The Dyson equation for 
scattering operator  

• Here         is the topologically nontrivial part of the single-point Green 
function. On a cylinder it is a contribution of winding semiclassical 
trajectories:
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- semiclassical Green function in 2D



Renormalized scattering amplitude
• Scattering amplitude                                            Scattering rate 

• For                                                . Thus, non-Born single-impurity effects 
are essential if 

• On the other hand, the single-impurity non-Born effects can be destroyed by 
the multi-impurity Born scattering, if  

• Finally, the criterion for ``non-Born regime’’ with strong single-impurity 
renormalization reads
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• The Green function                              entering Dyson equation depends on the 
position of particular impurity: 

• Renormalized scattering amplitude depends  on          either:

• The scattering rate involves averaging over

• For                    the average scattering is dominated by weak impurities with

9

elucidate the reason for this di↵erence let’s analyze the
integral over ⇠ in (70) and (71). While for |✏| & 1 the
entire interval 0 < ⇠ < 1 (or t ⇠ 1) contributes to this
integral, for |✏| ⌧ 1 the main contribution comes from
small t = sin2(⇡N⇠) ⇠

p
|✏| ⌧ 1. It means that scatter-

ing at “weak” impurities, situated close to nodes of the
transversal wave-function of the resonant band, turn out
to be more e↵ective in scattering, than the strong ones,
sitting close to antinodes. How it can possibly be?

The reason is that the strong “non-Born self-screening”

of the scattering amplitudes ⇤(ren)
i ("), occurring at " ⌧

"nB, is nonlinear: it is stronger for the impurities i with
larger bare amplitudes ⇤i. As a result, scattering by the
impurities with large bare ⇤i �

p
|✏| turns out to be

suppressed stronger than scattering by those with some
moderately small optimal ⇤i ⇠

p
|✏|.

⇤i ⇠ ⇤opt(✏) =
p

|✏| ⌧ 1. (75)

Thus, we arrive at paradoxical and exciting conclu-
sion: though for small |✏| ⌧ 1 the scattering is generally
suppressed, the residual weak scattering is dominated by
presumably ine↵ective impurities, that sit relatively close
to the nodes (at distances ⇠ ⇠ �F |✏|1/4 ⌧ �F ) and have,
therefore, anomalously small bare scattering amplitudes.
As one of the consequences, the resistivity of a strip van-
ish with |✏| ! 0 slower than the resistivity of a cylinder.

VIII. NON-BORN RESISTIVITY:
ATTRACTING IMPURITIES

Above the Van Hove singularity, for " > 0 the scatter-
ing rate depends only on �

2, so that the case of attracting
impurities does not di↵er from that of the repulsing ones
and the resistivity for " > 0 is described by the formula
(72). Below the Van Hove singularity, for " > 0, however,
there are some impressive e↵ects, specific for the attrac-
tive impurities. They are mostly due to the presence of
quasistationary states.

A. Quasistationary states

As we have shown in32 in a quasi-one-dimensional
system each attracting impurity forms a quasistation-
ary state below each subband of transverse quantization.

These states arise for arbitrary weak attraction, without
a threshold. Moreover, for weak attraction the quasis-
tationary states are even better defined, than for strong
one: the quality factor (i.e., the ratio of the energy to the
decay rate) increases with decreasing strength of attrac-
tion. The quasistationary states are manifested as poles
of the renormalized scattering amplitude

⇤(ren)(") =
⇤

1 + ⇤[2 sin2(⇡N⇠)]/⇡
p
�"

, (76)

in the complex " plane.
In contrast to the case of cylinder, in a strip to each

impurity i corresponds its own value of the scattering
amplitude ⇤i ⇡ (� � i�

2)2 sin2(⇡N⇠i), so that energies
of the quasistationary states are di↵erent at di↵erent im-
purities:

✏qs(⇠i) = 4 sin4(⇡N⇠i)(�1 + 2i�), ✏qs = "qs/"nB. (77)

Let’s forget for a while about small imaginary part of ✏qs;
we will easily restore it in a due time. We see that values
of ✏qs are confined in an interval �4 < ✏qs < 0. Since ⇠i

is a random variable homogeneously distributed between
0 and 1, the distribution function for "qs is
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Z 1

0
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Thus, for ✏ < �4 the scattering is only possible to usual
states of continuous spectrum, while for �4 < ✏ < 0, in
principle, both continuum and the quasistationary states
may serve as final states of scattering processes. In fact,
we will see that quasistationary states dominate every-
where in this range, except narrow interval at the bound-
ary ✏ = �4, with a width being of order Im ✏qs ⇠ |�| –
the decay rate of the quasistationary states.

B. Nonresonant scattering.

Since there are no quasistationary states in the energy
range ✏ < �4, here we can simply put � = 0 in (71). The
corresponding integral is evaluated in (B5) and we get
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⇢0
= F̃ (✏, 0) =

|✏|1/4
⇣p

|✏|� 1
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⇣p
|✏|� 2

⌘3/2
⇡
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8
p
2 (|✏|� 4)�3/2

, for |✏|� 4 ⌧ 1

1, for |✏| � 1
(79)

C. Resonant scattering.

For any given energy in the range �4 < ✏ < 0 the lead-
ing contribution to the resistivity comes from the scatter-

ing on resonant impurities with such ⇠i that ✏qs(⇠i) ⇡ ✏.
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Resistivity          in non-born regime:  
repulsing impurities

cylinder

strip

• Substitution of renormalized                                           instead of         gives

for

for

here
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Resistivity          in non-born regime:  
attracting impurities

cylinder

strip
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• For there is a pole in                   at
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The left peak is due to 
quasistationary state. In the 
case of tube all such states 
are identical. In the case of 
strip — different.



More about quasistationary states
• Positions of the poles in the scattering amplitude 

            Tube                                                                     Strip 

• Finite width (imaginary part of energy) is due to escape to nonresonant 
bands 

• Distribution function for binding energies (case of strip): 

• Close to the left maximum (at                   ) scattering is dominated by 
quasistationary states at strong impurities with 

• Close to zero (at                 )   scattering is dominated by quasistationary 
states at weak impurities with         
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elucidate the reason for this di↵erence let’s analyze the
integral over ⇠ in (70) and (71). While for |✏| & 1 the
entire interval 0 < ⇠ < 1 (or t ⇠ 1) contributes to this
integral, for |✏| ⌧ 1 the main contribution comes from
small t = sin2(⇡N⇠) ⇠
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As one of the consequences, the resistivity of a strip van-
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impurities does not di↵er from that of the repulsing ones
and the resistivity for " > 0 is described by the formula
(72). Below the Van Hove singularity, for " > 0, however,
there are some impressive e↵ects, specific for the attrac-
tive impurities. They are mostly due to the presence of
quasistationary states.

A. Quasistationary states

As we have shown in32 in a quasi-one-dimensional
system each attracting impurity forms a quasistation-
ary state below each subband of transverse quantization.

These states arise for arbitrary weak attraction, without
a threshold. Moreover, for weak attraction the quasis-
tationary states are even better defined, than for strong
one: the quality factor (i.e., the ratio of the energy to the
decay rate) increases with decreasing strength of attrac-
tion. The quasistationary states are manifested as poles
of the renormalized scattering amplitude
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Let’s forget for a while about small imaginary part of ✏qs;
we will easily restore it in a due time. We see that values
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Thus, for ✏ < �4 the scattering is only possible to usual
states of continuous spectrum, while for �4 < ✏ < 0, in
principle, both continuum and the quasistationary states
may serve as final states of scattering processes. In fact,
we will see that quasistationary states dominate every-
where in this range, except narrow interval at the bound-
ary ✏ = �4, with a width being of order Im ✏qs ⇠ |�| –
the decay rate of the quasistationary states.

B. Nonresonant scattering.

Since there are no quasistationary states in the energy
range ✏ < �4, here we can simply put � = 0 in (71). The
corresponding integral is evaluated in (B5) and we get
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C. Resonant scattering.

For any given energy in the range �4 < ✏ < 0 the lead-
ing contribution to the resistivity comes from the scatter-

ing on resonant impurities with such ⇠i that ✏qs(⇠i) ⇡ ✏.
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Multi-impurity effects

They become essential only at , where can be estimated
from the condition

12

Thus, for " > 0 (and also for " < 0 but |"| ⌧ "nB) the
behaviour of the renormalized scattering rate for attract-
ing impurities is identical to that of repulsing ones. Their
behaviours are very di↵erent, however, for " < 0 (and not
small |"| compared to "nB). While for repulsive impuri-
ties both the rate ⌧�1 and the resistivity ⇢ smoothly and
monotonically increase with |"|, for attracting impurities
they first grow, reach sharp maxima at " = �"nB and
only then decrease, saturating at ⌧�1 = ⌧

�1
0 and ⇢ = ⇢0

for |"| � "nB. The maximum has a Lorenzian shape:

⇢(") = ⇢
(�)
max

⇡�hom

2
L("+ "nB, �hom), (94)

L(x, �) ⌘ �/2

⇡ (x2 + (�/2)2)
. (95)

The width of maximum (homogeneous broadening)

�hom ⇠ 4|�|"nB =
4|�|3

⇡2
⌧ "nB, (96)

is relatively small. This decay is due to small (but fi-
nite) probability of scattering to the bands other than
the N -band. The height of the maximum is universal –
it does not depend on the strength of impurities �. In
dimensional variables:

⇢
(�)
max =

4n2

e2m⇤RE
. (97)

The scattering rate at maximum is even more universal:

1

⌧
(�)
min

=
1

�2⌧0
=

2n

⇡2
=

4n2

m⇤ , (98)

it depends neither on �, nor on R or E.

VII. MULTI-IMPURITY EFFECTS. THE
CENTRAL DIP IN RESISTIVITY.

In the previous section we have implicitly assumed the
concentration of impurities n to be so low that scattering
amplitude at certain impurity could not be a↵ected by
the presence of all the others: ⌧

�1(") ⌧ ". Let us first
derive the condition that would justify this assumption.
We have found that the non-Born e↵ects are negligible
for " & "nB. On the other hand, if one totally neglects the
non-Born e↵ects, then, as it follows from (??), the scat-
tering e↵ects lead to the saturation of both the density of
states and the conductivity for " . "min. These two facts
taken together mean that for "nB ⌧ "min the non-Born
e↵ects do not have chance to show up at all. On the
contrary, for "min ⌧ "nB the scattering only comes into
play at " ⌧ "nB where the non-Born e↵ects are already
huge. Thus, looking at the expressions (??) for "min and
(??) for "nB we conclude that the non-Born e↵ects are
relevant for n < nc, where

nc ⇠ |�|, (99)

while for n > nc the Born approximation is justified for
all " and the results of section ?? are applicable.
In this Section we are going to study the e↵ect of scat-

tering at low concentration n ⌧ nc but also at very low
|"| at the same time. We will show that the presence
of other impurities ultimately becomes essential in the
narrow vicinity of the Van Hove singularity – at certain

energy scale "
(nB)
min ⌧ "nB.

In the case of developed non-Born regime, for " ⌧ "nB

we have ⇤g � 1, so that

���⇤(ren)(")
���
2
⇡ ⇡

2|"|. (100)

We see that the rate 1/⌧ ceases to depend on � and be-
comes universal: independent on the characteristics of
impurities:

⌧
�1(") = 2|"|n

✓
1 +

1

⇡
p
"
✓(")

◆
. (101)

It should be stressed that the scattering rate decreases
as the Fermi level approaches the Van Hove singularity
from either side and formally vanishes at " = 0. Taken
seriously, it would mean that exactly at singularity the
system has zero residual resistivity. Of course, we ex-
pect that taking scattering in account will remove this
paradox.
To demonstrate this, we have to incorporate the scat-

tering in the result (??). Again, as in Section ?? we
notice that the above calculations only make sense for
⌧
�1(") ⌧ ", so that the dip in the resistivity predicted

by (??) will be rounded at certain " ⇠ "
(nB)
min , where "(nB)

min ,
however, is not given by (??) any more because the ex-
pression for the scattering time (??) di↵ers from (??):
it has been changed by the non-Born e↵ects. So, the

self-consistency condition ⌧
�1(") ⇠ " for "(nB)
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from where immediately follows

"
(nB)
min = (n/⇡)2 . (103)

Comparing (??) to (??) we see that, indeed, the scat-
tering e↵ects bring the renormalization of the amplitude
⇤(ren)(") to stop at some small, but nonzero value.
The results (??) and (??) were obtained under the as-

sumption " > 0 so we need yet to discuss the scattering
e↵ects for " < 0. Here we get

⌧
�1(") = 2n|"| ⌧ |"|, (104)

which formally means that for negative " the scattering
does not a↵ect the result (??) for all values of |"|, down
to " = 0! This is, of course, not quite true because, due
to scattering e↵ects, the discontinuity in the density of
states at " = 0 should be smoothed and 1/⌧(") should
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Thus, for " > 0 (and also for " < 0 but |"| ⌧ "nB) the
behaviour of the renormalized scattering rate for attract-
ing impurities is identical to that of repulsing ones. Their
behaviours are very di↵erent, however, for " < 0 (and not
small |"| compared to "nB). While for repulsive impuri-
ties both the rate ⌧�1 and the resistivity ⇢ smoothly and
monotonically increase with |"|, for attracting impurities
they first grow, reach sharp maxima at " = �"nB and
only then decrease, saturating at ⌧�1 = ⌧

�1
0 and ⇢ = ⇢0

for |"| � "nB. The maximum has a Lorenzian shape:
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The width of maximum (homogeneous broadening)
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4|�|3

⇡2
⌧ "nB, (96)

is relatively small. This decay is due to small (but fi-
nite) probability of scattering to the bands other than
the N -band. The height of the maximum is universal –
it does not depend on the strength of impurities �. In
dimensional variables:

⇢
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4n2
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The scattering rate at maximum is even more universal:
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it depends neither on �, nor on R or E.

VII. MULTI-IMPURITY EFFECTS. THE
CENTRAL DIP IN RESISTIVITY.

In the previous section we have implicitly assumed the
concentration of impurities n to be so low that scattering
amplitude at certain impurity could not be a↵ected by
the presence of all the others: ⌧

�1(") ⌧ ". Let us first
derive the condition that would justify this assumption.
We have found that the non-Born e↵ects are negligible
for " & "nB. On the other hand, if one totally neglects the
non-Born e↵ects, then, as it follows from (??), the scat-
tering e↵ects lead to the saturation of both the density of
states and the conductivity for " . "min. These two facts
taken together mean that for "nB ⌧ "min the non-Born
e↵ects do not have chance to show up at all. On the
contrary, for "min ⌧ "nB the scattering only comes into
play at " ⌧ "nB where the non-Born e↵ects are already
huge. Thus, looking at the expressions (??) for "min and
(??) for "nB we conclude that the non-Born e↵ects are
relevant for n < nc, where

nc ⇠ |�|, (99)

while for n > nc the Born approximation is justified for
all " and the results of section ?? are applicable.
In this Section we are going to study the e↵ect of scat-

tering at low concentration n ⌧ nc but also at very low
|"| at the same time. We will show that the presence
of other impurities ultimately becomes essential in the
narrow vicinity of the Van Hove singularity – at certain

energy scale "
(nB)
min ⌧ "nB.

In the case of developed non-Born regime, for " ⌧ "nB

we have ⇤g � 1, so that
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We see that the rate 1/⌧ ceases to depend on � and be-
comes universal: independent on the characteristics of
impurities:
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It should be stressed that the scattering rate decreases
as the Fermi level approaches the Van Hove singularity
from either side and formally vanishes at " = 0. Taken
seriously, it would mean that exactly at singularity the
system has zero residual resistivity. Of course, we ex-
pect that taking scattering in account will remove this
paradox.
To demonstrate this, we have to incorporate the scat-

tering in the result (??). Again, as in Section ?? we
notice that the above calculations only make sense for
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�1(") ⌧ ", so that the dip in the resistivity predicted
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Comparing (??) to (??) we see that, indeed, the scat-
tering e↵ects bring the renormalization of the amplitude
⇤(ren)(") to stop at some small, but nonzero value.
The results (??) and (??) were obtained under the as-

sumption " > 0 so we need yet to discuss the scattering
e↵ects for " < 0. Here we get
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which formally means that for negative " the scattering
does not a↵ect the result (??) for all values of |"|, down
to " = 0! This is, of course, not quite true because, due
to scattering e↵ects, the discontinuity in the density of
states at " = 0 should be smoothed and 1/⌧(") should
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Thus, for " > 0 (and also for " < 0 but |"| ⌧ "nB) the
behaviour of the renormalized scattering rate for attract-
ing impurities is identical to that of repulsing ones. Their
behaviours are very di↵erent, however, for " < 0 (and not
small |"| compared to "nB). While for repulsive impuri-
ties both the rate ⌧�1 and the resistivity ⇢ smoothly and
monotonically increase with |"|, for attracting impurities
they first grow, reach sharp maxima at " = �"nB and
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is relatively small. This decay is due to small (but fi-
nite) probability of scattering to the bands other than
the N -band. The height of the maximum is universal –
it does not depend on the strength of impurities �. In
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In the previous section we have implicitly assumed the
concentration of impurities n to be so low that scattering
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e↵ects do not have chance to show up at all. On the
contrary, for "min ⌧ "nB the scattering only comes into
play at " ⌧ "nB where the non-Born e↵ects are already
huge. Thus, looking at the expressions (??) for "min and
(??) for "nB we conclude that the non-Born e↵ects are
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while for n > nc the Born approximation is justified for
all " and the results of section ?? are applicable.
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It should be stressed that the scattering rate decreases
as the Fermi level approaches the Van Hove singularity
from either side and formally vanishes at " = 0. Taken
seriously, it would mean that exactly at singularity the
system has zero residual resistivity. Of course, we ex-
pect that taking scattering in account will remove this
paradox.
To demonstrate this, we have to incorporate the scat-

tering in the result (??). Again, as in Section ?? we
notice that the above calculations only make sense for
⌧
�1(") ⌧ ", so that the dip in the resistivity predicted

by (??) will be rounded at certain " ⇠ "
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however, is not given by (??) any more because the ex-
pression for the scattering time (??) di↵ers from (??):
it has been changed by the non-Born e↵ects. So, the
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Comparing (??) to (??) we see that, indeed, the scat-
tering e↵ects bring the renormalization of the amplitude
⇤(ren)(") to stop at some small, but nonzero value.
The results (??) and (??) were obtained under the as-

sumption " > 0 so we need yet to discuss the scattering
e↵ects for " < 0. Here we get
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which formally means that for negative " the scattering
does not a↵ect the result (??) for all values of |"|, down
to " = 0! This is, of course, not quite true because, due
to scattering e↵ects, the discontinuity in the density of
states at " = 0 should be smoothed and 1/⌧(") should
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nite) probability of scattering to the bands other than
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It should be stressed that the scattering rate decreases
as the Fermi level approaches the Van Hove singularity
from either side and formally vanishes at " = 0. Taken
seriously, it would mean that exactly at singularity the
system has zero residual resistivity. Of course, we ex-
pect that taking scattering in account will remove this
paradox.
To demonstrate this, we have to incorporate the scat-

tering in the result (??). Again, as in Section ?? we
notice that the above calculations only make sense for
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Comparing (??) to (??) we see that, indeed, the scat-
tering e↵ects bring the renormalization of the amplitude
⇤(ren)(") to stop at some small, but nonzero value.
The results (??) and (??) were obtained under the as-

sumption " > 0 so we need yet to discuss the scattering
e↵ects for " < 0. Here we get

⌧
�1(") = 2n|"| ⌧ |"|, (104)

which formally means that for negative " the scattering
does not a↵ect the result (??) for all values of |"|, down
to " = 0! This is, of course, not quite true because, due
to scattering e↵ects, the discontinuity in the density of
states at " = 0 should be smoothed and 1/⌧(") should

• Multi-impurity effects are negligible for

As a result

• The behavior of asymptotics of

implies the existence of minimum of resistivity somewhere at 
• As in the Born case, asymptotics on different sides of singularity do not match:

Again, it means that there should be a bifurcation point 
near the minimum.
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Resistivity minimum: self-consistent approach

Dashed line –           without multi-impurity effects,  
Solid line — SCNBA calculation

is reached at

So far we have studied these effects only within the ``Self-consistent Non-Born 
Approximation’’ (SCNBA). The SCNBA equation for the self-energy           reads

15

each other because of the random positions of impurities
with respect to the nodes of the transverse wave func-
tion in the resonant band. Since the dependence of the
renormalized scattering amplitude on the bare one is non-
monotonic, it can be shown that the leading contribution
to the resistivity comes not from the “strongest” impuri-
ties (those sitting in the antinodes of the wave-function),
but from some optimal ones. It leads to a serious mod-
ification of the results especially in the range of small
|E � EN | ⌧ EnB.

In Conclusion, our study shows that at low concentra-
tion of impurities the single-impurity non-Born e↵ects
lead to splitting of the Van Hove singularities in resis-
tivity of a tube (or, in general, any other quasi-one-
dimensional conductor) and this e↵ect can not be de-
scribed in terms of the Fano formula (??). The character
of the splitting depends on whether the impurities are
attracting or repulsing.

We are indebted to M.V.Feigel’man, L.I.Glazman and
M.A.Skvortsov for illuminating discussions. This work
was supported by Basic Research Program of The Higher
School of Economics.

Appendix A: Self-consistent calculations: strong
Born scattering

Strictly speaking, the concept of the self energy is rele-
vant only in the weak scattering domain where |"| � "min

(for both " > 0 and " < 0). However, using the pertur-
bative expressions (??) and (??) also in the strong scat-
tering domain |"| ⌧ "min can be helpful for qualitative
understanding of the behaviour of the density of states
and resolving the paradox mentioned in the subsection
??.

For a qualitative description of the density of states at
strong scattering the self-consistent Born approximation
can be used. The selfconsistency equation for ⌃ reads
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where Y (q) is the solution of cubic equation

Y
2(Y + q) + 1 = 0. (A4)

There is a bifurcation point q = qbi such that for real
q < qbi all three solutions of (??) are real while for
q > qbi there is one purely real solution and two con-
jugated complex solutions (only the latter ones are phys-
ically relevant). Near the point q = qbi one can write

Y ⇡ Ybi ± iA
p
q � qbi (A5)

Ybi = 21/3, A = 22/33�1/2
, qbi = �3 · 2�2/3

. (A6)

Thus, if the parameter q were purely real then Im⌃ would
vanish for " < "bi ⌘ qbi "min. In our case, however, q has
small but finite imaginary part

Im q = ⇡
p
"min ⌧ 1. (A7)

For " > "bi and |"� "bi| � Im q this imaginary part can
be totally neglected and

⌃(") ⇡ �"minY ("/"min), (A8)
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("/"min) + Y ("/"min)

. (A9)

On the other side of the bifurcation point, for " < "bi and
|"�"bi| � Im q the Im q-term may be taken into account
perturbatively:

⌃(") ⇡ �"minY ("/"min)�
i

2⌧0
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0 ("/"min)] , (A10)
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where Y
0(q) ⌘ dY (q)/dq.

In the narrow vicinity of the bifurcation point, for |"�
"bi| . Im q one should keep Im q but, on the other hand,
one can use expansion (??) for Y (q). As a result, in this
range we obtain

Re⌃(") ⇡ �"minYbi, (A12)

and
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(A13)

In the range                     the shape of resistivity is 
like shown in the Figure.  
The resistivity minimum
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remain of the order 1/⌧max also for " < 0 in the range

|"| . "
(nB)
min .

Thus, in the strongly non-Born domain n ⌧ n
(nB)

we encounter the similar paradox as in the Born case at
n � n

(nB). Namely, the above consideration gives non-
matching estimates on the opposite sides of the interval
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The resolution of this paradox is also similar to that in

the Born case: there is a quasifold at certain " = "
(nB)
bi ⌘

qbi"
(nB)
min , (with qbi < 0, |qbi| ⇠ 1) where the scattering

rate undergoes a dramatic drop, so that
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and the weakest scattering is realized at some " = "
(nB)
dip

below "
(nB)
bi :
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or, in dimensional variables
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This result is supported by the calculations within the
“self-consistent non-Born approximation”, given in Ap-
pendix ??. Thus, we conclude that the minimal value of
the scattering rate and, consequently, the minimal value
of resistivity is attained a little bit to the left from the
initial (nonrenormalized) position of the Van Hove sin-

gularity, at " = "
(nB)
dip ⇠ �n

2 and

⇢min =
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This minimal value depends neither on sign, nor on mag-
nitude of � and is much less than the standard resistivity:
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The dependence ⇢(") near the minimum is shown in Fig
??.

VIII. INHOMOGENEOUS CONTRIBUTION TO
BROADENING OF THE RESONANT PEAK

One could expect that in the case of attracting im-
purities the scattering would lead also to broadening

FIG. 8: The energy-dependence of resistivity near the mini-
mum. Dashed line – for n ! 0, solid line – for finite n.

of the narrow resonant peak at " = �"nB, so that
� ! �hom + ⌧

�1. But this idea is wrong since the
corresponding electrons are localized at resonant states
of certain individual impurities and, at low concentra-
tion, have no chance to be scattered by some other im-
purity. This statement is justified if naloc ⌧ 1, where
aloc = (2"nB)�1/2 = ⇡|�|�1 is the radius of the localized
state. So, naloc ⇠ n/|�| ⇠ n/nc and, under condition
n ⌧ nc, the influence of other impurities typically is ex-
ponentially small. However, this influence may be large
in some rare non-typical configurations and we will esti-
mate their contribution.
Due to a rare local fluctuation two impurities may oc-

cur at non-typically small distance r . aloc from each
other, resulting in a considerable splitting �(r) ⇠ "nB of
a pair of initially degenerate localized states. It leads to
inhomogeneous broadening

�inhom ⇠ (naloc)"nB ⇠ n

nc
"nB (111)

that prevails in the intermediate range of concentrations:
|�|2 ⌧ n ⌧ |�|, while for lowest n ⌧ |�|2 the homo-
geneous broadening is stronger. We should stress that
the inhomogeneous broadening (??) exists already in the
system where all impurities are identical (have the same
�). Naturally, the systems with dispersion of � demon-
strate much stronger inhomogeneous broadening. We
will briefly discuss such systems in Section ??.

IX. SYSTEMS WITH DIFFERENT SORTS OF
IMPURITIES

In realistic physical systems the impurities are not nec-
essarily identical. They may be of di↵erent types and
they may be situated not directly in the wall of the tube,
but at some distance from it. As a result the e↵ective
scattering amplitudes ⇤i of di↵erent impurities may be
di↵erent and random, with some distribution function
P (�) for real parameter �i (see (??)). The most impor-

bifurcation point
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Conclusions

"nB < "min =
⇥
(�/⇡)2(n/⇡)

⇤2/3 (4)

⇤(ren)(") (5)

✏qs ⇡ �4 (6)

sin2(⇡N⇠i) ⇡ 1 (7)

sin2(⇡N⇠i) ⇡ 1 (8)

" ⇠ n2 (9)

2

• High concentration of impurities                 Born single impurity scattering. 
Van Hove singularity structure: “plateau-maximum-plateau”

• Low concentration of impurities                non-Born effects already in single 
impurity scattering.      

Attracting impurities: “plateau-maximum-minimum-maximum-  plateau” 
Important role of quasistationary states

Repulsing impurities: “plateau-minimum-maximum-plateau”

• Deep resistivity minimum near the Van Hove singularity (at                 ). 
Without multi-impurity effects the minimal resistivity would be zero. With 
multi-impurity effects the minimal resistivity                    is nonlinear in

• Interesting mesoscopic physics is expected near the minimum.


